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ABSTRACT
In about last couple of decades, the inference of the violation of the Chandrasekhar mass-limit of
white dwarfs from indirect observation is probably a revolutionary discovery in astronomy. Various
researchers have already proposed different theories to explain this interesting phenomenon. However,
such massive white dwarfs usually possess very little luminosity, and hence they, so far, cannot be
detected directly by any observations. We have already proposed that the continuous gravitational
wave may be one of the probes to detect them directly, and in the future, various space-based detectors
such as LISA, DECIGO, and BBO, should be able to detect many of those white dwarfs (provided
they behave like pulsars). In this paper, we address various timescales related to the emission of
gravitational as well as dipole radiations. This exploration sets a timescale for the detectors to observe
the massive white dwarfs.
Keywords: White dwarf stars (1799) — Pulsars (1306) — Gravitational waves (678) — Astronomical
radiation sources (89) — Stellar magnetic fields (1610) — Chandrasekhar limit (221)
1. INTRODUCTION
In white dwarfs (WDs), the inward pressure due to
gravity balances the outward pressure due to degenerate
electron gas, and thereby the WDs form a stable equi-
librium. Chandrasekhar (1931, 1935) first proposed the
idea of the existence of a mass-limit of WDs. He showed
that for a carbon-oxygen non-rotating non-magnetized
WD, the maximum possible mass is ∼ 1.4M, popu-
larly known as the Chandrasekhar mass-limit. The the-
ory of general relativity and basic quantum mechanics
are sufficient to explain this mass-limit, though New-
ton’s law is enough to understand its existence. Be-
yond this mass-limit, the pressure balance is no longer
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sustained, and a WD blows up to produce a type Ia
supernova (SNIa). The luminosities of SNeIa are very
important as they are used as one of the standard can-
dles to measure cosmological distances. However, dur-
ing the past couple of decades, the inference of super-
Chandrasekhar WDs has been considered as one of the
revolutionary discoveries in astrophysics. Howell et al.
(2006) first reported an over-luminous SNIa, named
SN 2003fg, with the content of Nickel mass itself is
∼ 1.3M, and thereby they predicted that progenitor
mass of the WD for that SNIa is ∼ 2.1M. Eventu-
ally, several similar over-luminous SNeIa have been dis-
covered, which imply that the progenitor mass of WDs
could be as high as ∼ 2.8M (Hicken et al. 2007; Ya-
manaka et al. 2009; Yuan et al. 2010; Tanaka et al. 2010;
Scalzo et al. 2010; Silverman et al. 2011; Taubenberger
et al. 2011; Scalzo et al. 2012). These WDs are eventu-
ally termed as super-Chandrasekhar WD, as they violate
the Chandrasekhar mass-limit significantly. This viola-
tion of the Chandrasekhar mass-limit challenges use of
the standard candle from the luminosities of SNeIa.
ar
X
iv
:2
00
4.
13
75
0v
1 
 [a
str
o-
ph
.H
E]
  2
8 A
pr
 20
20
2 Kalita, Mukhopadhyay, Mondal & Bulik
While the existence of such a massive WD progen-
itor for SNeIa was attempted to argue by the double
degenerate scenario, numerical simulations of massive
WD merger never could lead to the observationally in-
ferred progenitor mass as high as 2.8M. Such double
degenerate evolutions always produced the off-center ig-
nition and formation of a neutron star rather than a
(over-luminous) SNIa (e.g. Saio & Nomoto 2004; Martin
et al. 2006). Although there are limitations in numerical
simulations including chosen mass of component WDs,
recently Wu et al. (2019) showed that the final outcome
of WD mergers practically is not influenced by initial
WD masses, it primarily depends on the mass-accretion
rates during mergers. In a single degenerate scenario
of accreting differentially rotating WDs in close binaries
of a normal companion, Chen & Li (2009) showed that
very massive (> 1.7M) progenitor is not possible to be
formed. Hence, all the conventional pictures have yet
failed to explain the existence of super-Chandrasekhar
progenitor WDs.
Kundu & Mukhopadhyay (2012) first showed that in
the presence of a high magnetic field, which forms Lan-
dau levels (microscopic effect) in the plane perpendic-
ular to the magnetic field axis, super-Chandrasekhar
WDs are possible; and it leads to a new mass-limit
∼ 2.6M (Das & Mukhopadhyay 2013, and the refer-
ences therein). Further, Mukhopadhyay and his collab-
orators also showed that the macroscopic effect of the
magnetic field (e.g., magnetic field pressure, magnetic
field geometry) can also increase the mass of WDs sig-
nificantly (Subramanian & Mukhopadhyay 2015; Kalita
& Mukhopadhyay 2019). This idea was verified by,
e.g., Franzon & Schramm (2015); Manreza Paret et al.
(2015); Bera & Bhattacharya (2016), to name a few.
Similarly, many other researchers proposed different the-
ories, such as modified gravity (Kalita & Mukhopad-
hyay 2018; Carvalho et al. 2017), generalized Heisen-
berg uncertainty principle (Ong 2018), charged WDs
(Liu et al. 2014), non-commutative geometry (Kalita
et al. 2019), to mention a very few, to explain the super-
Chandrasekhar WDs. Each of these theories gives rise to
different mass-radius relations for the WDs. However,
since none of such super-Chandrasekhar WDs have so
far been detected directly, the astroseismology of such
WDs cannot be carried out. Hence, it has not yet been
possible to single out which one of those theories is the
theory behind the super-Chandrasekhar WDs. It has
already been argued that if one considers the idea of
magnetized super-Chandrasekhar WDs, such WDs pos-
sess very less thermal luminosity (Bhattacharya et al.
2018), and hence they have not been detected so far by
any of the surveys, such as GAIA, Kepler, SDSS. The
maximum observed magnetic field in an isolated WD is
∼ 109 G (Heyl 2000; Ferrario et al. 2015). We have ar-
gued that if the magnetized WDs have a misalignment
between the rotation and magnetic axes (same as the
configuration of a pulsar), apart from dipole radiation,
it can emit significant amount of gravitational radiation,
which might be detected by the future space-based grav-
itational wave (GW) detectors, such as LISA, DECIGO,
BBO. Thereby it would be a direct detection of super-
Chandrasekhar WDs (Kalita & Mukhopadhyay 2019).
In this paper, we address the timescales related to the
dipole and gravitational radiations for these pulsating
WDs.
Unlike WDs, calculating various timescales for neu-
tron star (NS) pulsars is not a new problem. Pulsars
are generally rotating magnetized NSs with the mag-
netic and rotation axes not aligned with each other.
Radio astronomers estimate the lifetime of a pulsar just
by calculating its observed period (P ) and the rate of
change of period (P˙ ). The characteristic age of a pulsar
is therefore given by P/2P˙ (Lorimer 2008). However,
this formula is valid, if one considers that the angle
between magnetic and rotation axes of a pulsar does
not vary throughout its lifetime. However, in practice,
due to emission of radiation, this angle is expected to
change. Michel & Goldwire (1970) and Davis & Gold-
stein (1970) calculated the pulsar timescales simulta-
neously considering the variations of the angle as well
as the spin period of the pulsar emitting dipole radia-
tion, based on the torques calculated earlier by Deutsch
(1955). Eventually, various researchers used this for-
malism to solve different properties of pulsars, such as,
braking index (Goldreich 1970; Fujimura & Kennel 1980;
Heintzmann 1981; Good & Ng 1985), evolution of pulsar
magnetic field (Flowers & Ruderman 1977; Kundt 1981).
Chau & Henriksen (1970) included the quadrupolar ra-
diation along-with the dipole radiation and recalculated
the various aspects of NSs. All these calculations as-
sumed spherical stars, which, however, are not true in
the presence of magnetic field and rotation. Melatos
(2000) generalized the equations and applied them for
non-spherical NSs. Similarly, these formulae have again
been modified considering plasma filled magnetosphere
rather than vacuum magnetosphere (Spitkovsky 2006;
Philippov et al. 2014). More recently, this formalism
has been used to describe the highly magnetized NSs
known as magnetars (Lu¨ et al. 2018; S¸as,maz Mus, et al.
2019; Lander & Jones 2020).
As mentioned earlier, in this paper, we investigate the
time for which a WD pulsar can emit dipole and grav-
itational (quadrupole) radiations, i.e., the timescale af-
ter which either the magnetic and rotation axes align
Detection of Super-Chandrasekhar white dwarfs by gravitational wave 3
x ′
z ′
z
x
Ω
χ
χ
Figure 1. Cartoon diagram of a pulsar with z′ being the
rotational axis and z the magnetic field axis.
with each other, or the WD stops rotating. This explo-
ration is essential because we argued in the earlier paper
(Kalita & Mukhopadhyay 2019) that the future space-
based GW detectors can detect the pulsating super-
Chandrasekhar WDs. It raises an immediate question
on the timescale over which we can observe such massive
WDs, and in this paper, we investigate such timescales
for the first time in the case of WD pulsars. The plan of
the paper is as follows. In Section 2, we discuss the fun-
damental physics behind dipole and quadrupole lumi-
nosities and thereby formulate the problem. In Section
3, we discuss the timescales of various possible types of
pulsating WDs (regular as well as super-Chandrasekhar)
based on our model and certain basic properties of GW
emitted by the isolated magnetized WDs, before we con-
clude in Section 4.
2. MODEL OF PULSATING WHITE DWARF
Since this paper is based on WD pulsars, we, here-
after, mostly concentrate on properties of WDs rather
than NSs. It is, of course, well known that the num-
ber of detected WD pulsars is very less as compared to
that of NS pulsars. Some of well known WD pulsars
are, e.g., AE Aquarii (Bookbinder & Lamb 1987), AR
Scorpii (Marsh et al. 2016). Figure 1 shows a cartoon
diagram of a pulsar with z′ being the rotational axis
and z the magnetic field axis, where the angle between
these two axes is χ. It is also known for a long time
that the magnetic field, as well as rotation, deforms the
shape and size of any stars (Cutler 2002; Ioka & Sasaki
2004; Kiuchi & Yoshida 2008; Frieben & Rezzolla 2012;
Mastrano et al. 2015; Suvorov et al. 2016). Toroidal
magnetic field makes a star prolate along with enlarg-
ing its size, whereas poloidal magnetic field deforms a
star to an oblate shape as well as reduces its size. Rota-
tion also has similar effects as for poloidal field, except
that it increases the equatorial radius of the star due
to centrifugal force (Cutler 2002; Ioka & Sasaki 2004;
Kiuchi & Yoshida 2008; Frieben & Rezzolla 2012; Mas-
trano et al. 2015; Suvorov et al. 2016; Subramanian &
Mukhopadhyay 2015; Kalita & Mukhopadhyay 2019).
Hence, the simultaneous presence of magnetic field as
well as rotation, provided there is a misalignment be-
tween their respective axes, makes the WD a tri-axial
system, which can efficiently produce dipole as well as
gravitational radiations. It has already been argued that
the space-based GW detectors, such as LISA, DECIGO,
BBO, can detect the gravitational radiation produced
by such an isolated magnetized WD pulsar in the future
(Kalita & Mukhopadhyay 2019; Sousa et al. 2020). The
dimensionless amplitudes of the two polarizations of the
GW at a time t are given by (Bonazzola & Gourgoulhon
1996; Zimmermann & Szedenits 1979)
h+ = h0 sinχ
[
1
2
cos i sin i cosχ cos Ωt− 1 + cos
2 i
2
sinχ cos 2Ωt
]
,
h× = h0 sinχ
[
1
2
sin i cosχ sin Ωt− cos i sinχ sin 2Ωt
]
,
(1)
with
h0 =
4G
c4
Ω2Ixx
d
, (2)
where G is Newton’s gravitational constant, c is the
speed of light, Ω is the angular frequency, d is the dis-
tance between the detector and the source, i is the angle
between the rotation axis of the object and our line of
sight, and  = |Izz−Ixx|/Ixx with Ixx and Izz being the
moments of inertia of the WD about x− and z− axes
respectively. It is evident from equations (1) that the
amplitude of GW detected by the detector is always one
to two orders of magnitude less than h0 depending on
the value of χ and i.
Since a pulsating WD can emit both dipole and grav-
itational radiations simultaneously, it is associated with
both the dipole and quadrupolar luminosities. The
dipole luminosity for an axisymmetric WD is given by
(Melatos 2000)
LD =
B2pR
6
pΩ
4
2c3
sin2 χ F (x0), (3)
where x0 = R0Ω/c, Bp is the strength of the magnetic
field at the pole, Rp is the radius of the pole and R0
is the average radius of the WD. The function F (x0) is
defined as
F (x0) =
x40
5 (x60 − 3x40 + 36)
+
1
3 (x20 + 1)
. (4)
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Similarly, the quadrupolar GW luminosity is given by
(Zimmermann & Szedenits 1979)
LGW =
2G
5c5
(Izz − Ixx)2Ω6 sin2 χ
(
1 + 15 sin2 χ
)
. (5)
It is important to note that this formula is valid if χ is
very small. The total luminosity of a WD is due to both
dipole and gravitational radiations. Hence the changes
in Ω and χ with respect to time are dependent both in
LD and LGW. The variations of Ω and χ with respect
to time are given by (Chau & Henriksen 1970; Melatos
2000)
d(ΩIz′z′)
dt
= − 2G
5c5
(Izz − Ixx)2 Ω5 sin2 χ
(
1 + 15 sin2 χ
)
− B
2
pR
6
pΩ
3
2c3
sin2 χ F (x0),
(6)
Iz′z′
dχ
dt
= −12G
5c5
(Izz − Ixx)2 Ω4 sin3 χ cosχ
− B
2
pR
6
pΩ
2
2c3
sinχ cosχ F (x0),
(7)
where Iz′z′ is the moment of inertia of the body about
z′− axis. Considering small angle approximation, it can
be expanded as
Iz′z′ = Izz cos
2 χ+ Ixx sin
2 χ. (8)
The set of equations (6) and (7) needs to be solved si-
multaneously to obtain the timescale over which a WD
can radiate.
To solve the equations (6) and (7), one needs to sup-
ply the various quantities, such as Ixx, Izz, Bp, Rp at
the initial time. We use a numerical code named XNS,
developed to study the structure of NSs primarily (Pili
et al. 2014), which, however, was appropriately modified
for WDs (Subramanian & Mukhopadhyay 2015). This
code provides the axisymmetric equilibrium (not nec-
essarily stable equilibrium) structure of a stellar body.
The advantage of this code is that it can give equilib-
rium solution of uniformly as well as differentially ro-
tating WDs in the presence of toroidal or poloidal or
twisted-torus magnetic fields. However, one needs to
supply the equation of state (EoS) in the polytropic
form, i.e., P = KρΓ with P being the pressure and ρ
being the density. In case of WDs with central den-
sity ρc high and magnetic field . 1015 G, the EoS
becomes relativistic, which implies that Γ ≈ 4/3 and
K ≈ (1/8)(3/pi)1/3hc/(µemH)4/3, where h is Planck’s
constant, µe is the mean molecular weight per electron,
and mH is the mass of the hydrogen atom. Moreover,
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Figure 2. Variations of LD, LGW, P and χ with respect to
time. Dotted red and dashed green lines show the variations
of P and χ respectively.
XNS assumes that the rotation and magnetic field axes
are in the same direction, i.e., χ = 0, due to its ax-
isymmetric nature of the algorithm mentioned above.
However, in case of pulsars, since χ 6= 0 is a necessary
condition, we assume χ to be small so that the values of
all the calculated quantities using the XNS code, such as
mass, radius, moment of inertia, are almost valid even
if χ 6= 0 (Kalita & Mukhopadhyay 2019).
3. TIMESCALES OF MAGNETIZED WHITE
DWARFS
Since massive WDs can only be formed when ρc is
high, we choose ρc to be 10
9, 1010 and 2×1010 g cm−3 for
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our calculations, where the relativistic EoS mentioned
above, is perfectly valid. For each of these ρc, we choose
various combinations of Ω and Bp along with the ini-
tial angle χ to be 30◦ so that we have an idea about the
timescales for all possible types of WDs behaving as pul-
sars1. Moreover, we first choose, in the following explo-
ration, WDs possessing only purely poloidal magnetic
field so that we can treat them as oscillating dipoles,
and the formula for dipole luminosity is valid. Subse-
quently, we also choose a case with toroidal magnetic
fields appropriately. While calculating the timescales,
we define t10, which is the time required for a WD to
reach 10 orders of less luminosity than what it originally
possessed at its birth.
All the different combinations of Ω and Bp for differ-
ent ρc are given in Tables 1, 2 and 3 with the respec-
tive mass M , Rp and h0. We assume throughout the
distance of the source from the detector d = 100 pc.
Here we primarily restrict the magnetic to gravitational
energies ratio (ME/GE) as well as the kinetic to gravi-
tational energies ratio (KE/GE) to less than ∼ 10−2 so
that the magnetized WDs are surely stable (Komatsu
et al. 1989; Braithwaite 2009). It is important to note
that with these values of ME/GE and KE/GE, a WD
cannot possess mass significantly more than the Chan-
drasekhar mass-limit. However, this limit may be re-
laxed in a suitable mixed field configuration leading to
super-Chandrasekhar WDs, which is beyond the scope
of the present work as XNS cannot handle a rotating
star with a suitable and/or an equal fractions of mixed
field configuration. It is of course long known that the
stars containing purely toroidal or purely poloidal mag-
netic fields are unstable (Tayler 1973; Markey & Tayler
1973). However, in the present work, our aim is not to
study the stability analysis, and the code we relied upon
cannot handle a rotating star with suitable mixed field
configurations. Hence, purely poloidal or purely toroidal
magnetic fields, maintaining ME/GE limit mentioned
above, are valid approximations of poloidally dominated
or toroidally dominated mixed field configurations. Be-
low we discuss the time evolutions of rotational period,
angle between magnetic and rotational axes and various
luminosities of WDs.
3.1. Case I: LD >> LGW
1 This choice of χ = 30◦ may still be high, when the model equa-
tions are valid for small χ limit. But as our aim here is to explore
the timescale to decay χ from its initial value, this choice is made
and seems to be acceptable. Even if we choose a smaller value of
the initial χ, say 5◦, the timescale will alter slightly.
Since LD increases with an increase in the magnetic
field, it is understood from the tables that the WDs
possessing high value of the magnetic field have LD >>
LGW. Since the luminosity is dominated by LD and
L ∝ dE/dt, the timescale is governed by LD. More-
over, the total luminosity of a WD decreases with time
either due to decrease in χ or decrease in Ω. Whenever
LD >> LGW, χ decreases much faster as compared to
Ω. For LD >> LGW, the equations (6) and (7) can be
approximated as follows
Iz′z′
dΩ
dt
= −B
2
pR
6
pΩ
3
2c3
sin2 χ F (x0), (9)
Iz′z′
dχ
dt
= −B
2
pR
6
pΩ
2
2c3
sinχ cosχ F (x0), (10)
assuming Iz′z′ not changing with time. Let us denote
the timescale for the change in Ω to be TΩ and that for
χ to be Tχ. Integrating these two equation, we obtain
TΩ ∼
(
2Iz′z′c
3
B2pR
6
pΩ
2F (x0)
)
1
2 sin2 χ
, (11)
Tχ ∼
(
2Iz′z′c
3
B2pR
6
pΩ
2F (x0)
)
ln cotχ. (12)
In the range 0◦ 6 χ 6 30◦, we always have ln cotχ <<
1/2 sin2 χ, which implies Tχ << TΩ. This proves that
χ quickly becomes 0, and the WD starts rotating with
a different angular velocity than it originally possesses.
For example, if M = 1.42M, Bp = 8.9× 1011 G, Rp =
1200 km, and at t = 0, Ω = pi rad/s, and χ = 30◦
such that LD >> LGW, then TΩ ∼ 3 years and Tχ ∼ 0.2
year. It can also be verified from Figure 2(a). Moreover,
combining the equations (9) and (10), we obtain the
differential equation
dΩ
dχ
= Ω
sinχ
cosχ
. (13)
Solving this differential equation using the initial condi-
tion χ = 30◦, we obtain
Ω =
√
3
2 cosχ
Ω0, (14)
where Ω0 is the initial angular velocity of the WD. Using
this formula, one can verify that the final time period
would be ∼ 2.3 s if the initial time period is 2 s, and it
is clearly evident from Figure 2(a).
3.2. Case II: LGW >> LD
If the magnetic field is lower, but not the angular ve-
locity, the WDs have LGW >> LD. In such a case,
luminosity decreases slowly and a WD can radiate for a
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Table 1. Poloidal magnetic field with ρc = 2 × 1010 g cm−3. t10 is the time to decay Linitial to 10−10Linitial. tvl means the
timescale is very large.
M
(M)
RP
(km) Bp (G) P (s) ME/GE KE/GE LGW (erg/s) LD (erg/s) h0 t10 (year)
1.42 1200.5 8.9× 1011 2.0 6.1× 10−4 2.5× 10−3 3.1× 1036 3.6× 1041 5.2× 10−22 1.1× 101
1.42 1209.4 1.4× 109 2.0 1.4× 10−9 2.5× 10−3 2.0× 1036 8.1× 1035 4.2× 10−22 5.4× 106
1.42 1209.4 1.3× 105 2.0 1.4× 10−17 2.5× 10−3 2.0× 1036 8.1× 1027 4.2× 10−22 tvl
1.41 1218.2 8.4× 1011 10.0 6.0× 10−4 9.6× 10−5 9.1× 1030 5.5× 1038 4.5× 10−24 2.8× 102
1.41 1218.2 1.3× 109 10.0 1.4× 10−9 9.6× 10−5 1.4× 1029 1.2× 1033 5.7× 10−25 1.2× 108
1.41 1218.2 1.3× 105 10.0 1.4× 10−17 9.6× 10−5 1.4× 1029 1.2× 1025 5.7× 10−25 tvl
1.41 1218.2 8.4× 1011 100.0 6.0× 10−4 9.6× 10−7 6.7× 1024 5.5× 1034 3.8× 10−26 2.8× 104
1.41 1218.2 1.3× 109 100.0 1.4× 10−9 9.6× 10−7 2.5× 1021 1.2× 1029 7.4× 10−28 1.2× 1010
1.41 1218.2 1.3× 105 100.0 1.4× 10−17 9.6× 10−7 2.5× 1021 1.2× 1021 7.4× 10−28 1.3× 1018
Table 2. Poloidal magnetic field with ρc = 10
10 g cm−3. t10 is the time to decay Linitial to 10−10Linitial. tvl means the timescale
is very large.
M
(M)
RP
(km) Bp (G) P (s) ME/GE KE/GE LGW (erg/s) LD (erg/s) h0 t10 (year)
1.44 1510.6 7.4× 1011 2.0 1.0× 10−3 5.1× 10−3 3.4× 1037 9.8× 1041 1.7× 10−21 6.7× 100
1.44 1519.5 1.1× 109 2.0 2.2× 10−9 5.1× 10−3 2.4× 1037 2.2× 1036 1.5× 10−21 3.8× 106
1.44 1519.5 1.1× 105 2.0 2.2× 10−17 5.1× 10−3 2.4× 1037 2.2× 1028 1.5× 10−21 tvl
1.42 1537.2 6.8× 1011 10.0 9.7× 10−4 2.0× 10−4 6.7× 1031 1.5× 1039 1.2× 10−23 1.9× 102
1.42 1546.1 1.0× 109 10.0 2.2× 10−9 2.0× 10−4 1.8× 1030 3.3× 1033 2.0× 10−24 7.5× 107
1.42 1546.1 1.0× 105 10.0 2.2× 10−17 2.0× 10−4 1.8× 1030 3.3× 1025 2.0× 10−24 tvl
1.42 1537.1 6.7× 1011 100.0 9.7× 10−4 2.0× 10−6 4.6× 1025 1.5× 1035 1.0× 10−25 1.7× 104
1.42 1546.1 1.0× 109 100.0 2.2× 10−9 2.0× 10−6 5.4× 1021 3.3× 1029 1.1× 10−27 7.5× 109
1.42 1546.1 1.0× 105 100.0 2.2× 10−17 2.0× 10−6 5.4× 1021 3.3× 1021 1.1× 10−27 8.1× 1017
Table 3. Poloidal magnetic field with ρc = 10
9 g cm−3. t10 is the time to decay Linitial to 10−10Linitial. tvl means the timescale
is very large.
M
(M)
RP
(km) Bp (G) P (s) ME/GE KE/GE LGW (erg/s) LD (erg/s) h0 t10 (year)
1.48 3021.3 6.6× 1011 5.3 1.1× 10−2 7.4× 10−3 1.8× 1037 1.0× 1042 3.3× 10−21 4.6× 100
1.46 3216.2 1.2× 109 5.3 5.1× 10−8 7.4× 10−3 3.6× 1036 5.0× 1036 1.5× 10−21 9.4× 105
1.46 3216.2 1.2× 105 5.3 5.1× 10−16 7.4× 10−3 3.6× 1036 5.0× 1028 1.5× 10−21 tvl
1.46 3092.1 5.9× 1011 10.0 1.1× 10−2 1.9× 10−3 1.6× 1035 7.3× 1040 6.0× 10−22 1.7× 101
1.43 3287.0 1.1× 109 10.0 4.9× 10−8 1.9× 10−3 4.5× 1033 3.5× 1035 1.0× 10−22 3.3× 106
1.43 3287.0 1.1× 105 10.0 4.9× 10−16 1.9× 10−3 4.5× 1033 3.5× 1027 1.0× 10−22 tvl
1.45 3109.8 5.7× 1011 100.0 1.1× 10−2 1.9× 10−5 1.1× 1029 7.1× 1036 5.0× 10−24 1.7× 103
1.43 3304.8 1.0× 109 100.0 4.8× 10−8 1.9× 10−5 5.8× 1022 3.4× 1031 3.6× 10−27 3.4× 108
1.43 3304.8 1.0× 105 100.0 4.8× 10−16 1.9× 10−5 5.7× 1022 3.4× 1023 3.6× 10−27 3.4× 1016
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long period of time. For LGW >> LD, the equations (6)
and (7) can be written as
Iz′z′
dΩ
dt
= − 2G
5c5
(Izz − Ixx)2 Ω5 sin2 χ (1 + 15 sin2 χ),
(15)
Iz′z′
dχ
dt
= −12G
5c5
(Izz − Ixx)2 Ω4 sin3 χ cosχ. (16)
Integrating these two equations, we obtain the
timescales of changes in Ω and χ, given by
T ′Ω ∼
(
5Iz′z′c
5
2G (Izz − Ixx)2 Ω4
)
1
4 sin2 χ(1 + 15 sin2 χ)
,
(17)
T ′χ ∼
(
5Iz′z′c
5
2G (Izz − Ixx)2 Ω4
)
1
12
(
1
sin2 χ
+ 2 ln cotχ
)
.
(18)
In the range 0◦ 6 χ 6 30◦, T ′Ω ∼ T ′χ. Hence the Ω and
χ keep varying simultaneously for a long time before
approaching to zero, which also can be verified from
Figure 2(b). For instance, if M = 1.42M, Bp = 1.3 ×
105 G, Rp = 1209 km, and at t = 0, Ω = pi rad/s, and
χ = 30◦ such that LGW >> LD, then TΩ ∼ 4 × 1012
years and Tχ ∼ 7×1012 years. Moreover, combining the
equations (15) and (16), we obtain
dΩ
dχ
= Ω
1 + 15 sin2 χ
sinχ cosχ
. (19)
Solving this equation using the initial condition χ = 30◦,
we obtain
Ω =
38 sinχ
215 cos16 χ
Ω0. (20)
This proves that as χ → 0, Ω → 0; unlike the earlier
case mentioned in §3.1. Hence the overall timescale is
determined by the change in both Ω and χ, and in this
case, it turns out to be much longer.
3.3. Super-Chandrasekhar WDs with poloidal magnetic
field
As we have mentioned above, the chosen values of
magnetic field and rotation in Tables 1, 2 and 3 cannot
give super-Chandrasekhar WDs. However, at the time
of its birth, a WD may possess a very high magnetic
field (may be suitable mixed fields), which is even larger
than the Schwinger limit of 4.414×1013 G. This value of
the magnetic field can make the WD significantly super-
Chandrasekhar. If such a WD behaves like a pulsar, it
can also emit a significant amount of gravitational radi-
ation. However, due to high LD, these WDs cannot emit
radiation for a longer duration, as χ becomes zero much
quickly. It is evident from first three rows of Table 4,
where Bp is larger than 10
13 G. Such WDs may also be
detected by the future GW detectors just for a short du-
ration of time (maybe momentarily). Recently, we have
proposed the effect of non-commutativity on the EoS
of the degenerate electrons (Pal & Nandi 2019; Kalita
et al. 2019). We have shown that if non-commutativity
is significant in a WD, it can have a mass up to ∼ 2.6M
even for a static non-magnetized WD. If such WDs also
possess magnetic field and rotation, they can also emit
a significant amount of GW, which can also be detected
by the upcoming space-based detectors, such as LISA,
DECIGO, BBO. The last four rows of Table 4 show the
timescales for the WDs if their EoS is governed by non-
commutativity. It is evident that even if such WDs pos-
sess a lower magnetic field, they emit continuous gravi-
tational radiation for a fairly longer duration. This will
also be a valid test of the presence of non-commutativity
in WD matter.
3.4. Effect of WD’s birth rate on its detection
It is important to note that the birth rate of WDs can
also significantly affect the detection of massive WDs.
The birth rate of a WD is ∼ 10−12 pc−3 year−1 (Gu-
seinov et al. 1983), which means within 100 pc radius,
on average, only one WD is formed in 106 years. Hence
if that particular WD is super-Chandrasekhar only due
to the high magnetic field, particularly poloidally dom-
inated (see below §3.5), it may not be detected by
the detector, or at best, if one is lucky enough, it
may be detected only for a short duration of time as
it loses its spin-down luminosity very quickly. How-
ever, if non-commutativity prevails as compared to the
magnetic field, as described in §3.3 above, such super-
Chandrasekhar WDs (with weaker fields not really af-
fecting the mass) emit a significant amount of GW for
a more extended period, and the GW detectors can de-
tect them for a longer duration. Of course, it is well
known that the presence of a purely poloidal magnetic
field in the WD makes it unstable (Markey & Tayler
1973). Hence, in reality, such WDs should have some
toroidal magnetic field as well.
3.5. WDs with toroidal magnetic field
Whatever calculations we have shown so far above are
based on the simplistic assumption of purely poloidal
field so that we can consistently use the formula of LD.
In reality, a WD is stable only if it consists of both the
toroidal and poloidal components suitably. However,
such a suitable configuration is not possible to obtain
with the help of the XNS code. XNS can capture a
twisted torus configuration which contains significantly
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Table 4. Super-Chandrasekhar WDs possessing poloidal magnetic field for ρc = 2 × 1010 g cm−3. WDs in first three rows
follow Chandrasekhar EoS and the rests follow non-commutative EoS. tvl means the timescale is very large.
M
(M)
RP
(km) Bp (G) P (s) ME/GE KE/GE LGW (erg/s) LD (erg/s) h0 t10 (year)
1.69 748.7 3.6× 1013 2.0 1.0× 10−1 2.3× 10−3 1.6× 1039 3.5× 1043 1.2× 10−20 1.5× 10−1
1.67 757.6 3.5× 1013 10.0 1.0× 10−1 9.1× 10−5 9.4× 1034 5.5× 1040 4.6× 10−22 3.7× 100
1.67 757.5 3.5× 1013 100.0 1.0× 10−1 9.1× 10−7 9.4× 1028 5.5× 1036 4.6× 10−24 3.7× 102
3.18 899.3 4.9× 1013 2.0 1.1× 10−1 2.3× 10−3 1.3× 1040 1.9× 1044 3.4× 10−20 7.8× 10−2
3.15 917.0 4.6× 1013 10.0 1.1× 10−1 9.1× 10−5 7.8× 1035 3.0× 1041 1.3× 10−21 1.9× 100
2.65 1492.9 1.1× 108 2.0 6.7× 10−12 2.5× 10−3 1.6× 1037 2.1× 1034 1.2× 10−21 tvl
2.64 1501.8 1.1× 108 10.0 6.6× 10−12 9.6× 10−5 1.1× 1030 3.2× 1031 1.6× 10−24 1.3× 1010
Table 5. WDs possessing toroidal magnetic field for ρc = 2×1010 g cm−3. Here Bmax is the strength of the maximum magnetic
field in the WD and RE is the equatorial radius. tvl means the timescale is very large.
M
(M)
RE
(km) Bmax (G) P (s) ME/GE KE/GE LGW (erg/s) h0 t10 (year)
1.71 2095.4 2.6× 1014 2.0 1.0× 10−1 5.4× 10−3 3.1× 1039 1.7× 10−20 tvl
1.44 1315.7 1.1× 1014 2.0 1.0× 10−2 2.7× 10−3 2.6× 1035 4.6× 10−22 tvl
1.67 1767.6 2.6× 1014 10.0 1.0× 10−1 2.0× 10−4 2.3× 1036 7.5× 10−22 tvl
1.43 1253.7 1.1× 1014 10.0 1.0× 10−2 1.0× 10−4 6.3× 1032 3.7× 10−23 tvl
poloidally dominated fields. Hence we consider a few
cases of WDs for ρc = 2 × 1010 g cm−3 containing a
toroidal magnetic field. Of course, in this case, we drop
the contributions of the term LD. In other words, we
assume that even if the WD possesses any dipole con-
tribution, its effect is much smaller, which is similar
to the case, as we have mentioned in §3.2 with spe-
cific estimates. Such a configuration possesses super-
Chandrasekhar mass, because the toroidal field is dom-
inant at the center and, at the surface, it may have a
negligible contribution. WDs containing mostly toroidal
field and a negligible poloidal component is indeed a sta-
ble configuration. Wickramasinghe et al. (2014) showed
that such a configuration remains stable even after a
long time, which satisfies the stability criteria given
by Braithwaite (2009). They also proposed that the
poloidal field is generated as a by-product of the decay of
the toroidal field. As in this configuration LGW >> LD,
such a magnetized super-Chandrasekhar WD can radi-
ate for a long time. Table 5 shows the timescales for
various WDs with a purely toroidal magnetic field. In
reality, since a WD (even if it is a super-Chandrasekhar)
possesses both the toroidal and poloidal magnetic fields
simultaneously, the GW detector may or may not detect
it for a longer duration depending on the strengths of
the toroidal and poloidal field components. For exam-
ple, if the mixed stable field configuration is toroidally
dominated like what proposed by, e.g., Wickramasinghe
et al. (2014), then the GW detector is able to trace the
source for a long duration, as shown by Figure 2(b). On
the other hand, if the field is poloidally dominated or
even of approximately equal contributions from toroidal
and poloidal components, then due to the presence of
significant LD, luminosity decreases very fast with de-
caying χ and increasing P , as shown by Figure 2(a).
In this case, it may not be detected by a GW detec-
tor or it may be detected only for a short duration of
time. All these plausibilities, however, is not possible to
show in this paper due to the limitations of the code.
Here purely poloidal and purely toroidal magnetic field
configurations are replicas of poloidally dominated and
toroidally dominated mixed field configurations respec-
tively.
3.6. Detectability of isolated magnetized white dwarfs
in gravitational wave astronomy
Let us now briefly discuss the properties of GW
strengths emitted by the magnetized WDs. A detailed
discussion of GW strengths for various WDs with differ-
ent sets of parameters is given by Kalita & Mukhopad-
hyay (2019). Figure 3 shows the dimensionless GW
amplitudes for the WDs with respect to their frequen-
cies, as given in Tables 1-5, along with the sensitivity
curves of various detectors2 (Sathyaprakash & Schutz
2009; Moore et al. 2015, and the references therein). It
2 http://gwplotter.com/ and http://www.srl.caltech.edu/∼shane/
sensitivity/
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Figure 3. Dimensionless GW amplitude for white dwarfs as
a function of frequency, as given in Tables 1-5, along with the
sensitivity curves of various detectors. Optimum i is chosen
for χ at t = 0.
is evident that isolated WDs may not be detected by
LISA directly, which, however, can be detected after in-
tegrating the signal to noise ratio for 1 year. It is to
be noted that being larger in size, WDs cannot rotate
much faster as of neutron stars, and hence ground-based
GW detectors, such as LIGO, Virgo, KAGRA, are not
expected to detect the isolated WDs. The frequency
range of the isolated WDs is different than those of the
stochastic background noise and, hence, nano-hertz GW
detectors, such as IPTA, SKA, NANOGrav, cannot de-
tect them either. Moreover, from Figure 3 it is evident
that these isolated WDs are free from the confusion noise
of the galactic binaries as well as from the extreme mass
ratio inspirals (EMRIs). However, some of the isolated
WDs may fall in the same range of massive binaries.
Since these sources are different from the isolated WDs,
by using the specific templates for each of these different
sources, the problem of confusion noise can be rectified.
Moreover, since the luminosity is an intrinsic property
of the source (which is the amount of energy radiated
per unit time), the orientation of the source does not
matter while calculating the timescales.
4. CONCLUSIONS
In this work, we analyze the timescales related to
pulsating WDs. We have considered both the dipole
and GW luminosities emitted by pulsating WDs, which
was, in our knowledge, not explored consistently before
this work. We have used the XNS code to model the
WDs, primarily containing the poloidal magnetic field
such that we can treat them as oscillating dipoles. Our
target has been to calculate the timescale for detecting
the super-Chandrasekhar WDs through the GW detec-
tors. We have shown that many of such massive WDs
have higher GW amplitude, and they are well above the
signal to noise ratio of the GW detectors. If the WDs
are massive due to the high poloidal magnetic field, i.e.,
they possess high dipolar luminosities, they cannot be
detected for a longer duration. However, if a massive
WD possesses high toroidal field at the center and very
less magnetic field at the pole, it can be detected by
the detectors for a long time. Moreover, if the WDs
gain extra mass due to some other effects, such as non-
commutative geometry, but possess some weaker fields,
they can also emit gravitational radiation continuously
for a long time, and the GW detectors should easily de-
tect them.
ACKNOWLEDGMENTS
S.K. would like to thank Timothy Brandt of the Uni-
versity of California, Santa Barbara, for the useful dis-
cussion about the timescale for WDs. B.M. would
like to thank Tom Marsh of the University of War-
wick for discussion in the conference “Compact White
Dwarf Binaries”, Yerevan, Armenia. B.M. acknowl-
edges a partial support by a project of Department of
Science and Technology (DST), India, with Grant No.
DSTO/PPH/BMP/1946 (EMR/2017/001226). T.B. is
supported by TEAM/2016-3/19 grant from FNP.
Software: XNS code solves the time independent
general relativistic magnetohydrodynamic (GRMHD)
equations, see Pili et al. 2014 for development of its latest
version, url: http://www.arcetri.astro.it/science/ahead/
XNS/code.html .
REFERENCES
Bera, P., & Bhattacharya, D. 2016, MNRAS, 456, 3375
Bhattacharya, M., Mukhopadhyay, B., & Mukerjee, S.
2018, MNRAS, 477, 2705
Bonazzola, S., & Gourgoulhon, E. 1996, A&A, 312, 675
Bookbinder, J. A., & Lamb, D. Q. 1987, ApJL, 323, L131
Braithwaite, J. 2009, MNRAS, 397, 763
Carvalho, G. A., Lobato, R. V., Moraes, P. H. R. S., et al.
2017, European Physical Journal C, 77, 871
Chandrasekhar, S. 1931, ApJ, 74, 81
—. 1935, MNRAS, 95, 207
Chau, W. Y., & Henriksen, R. N. 1970, ApJL, 161, L137
Chen, W.-C., & Li, X.-D. 2009, ApJ, 702, 686
10 Kalita, Mukhopadhyay, Mondal & Bulik
S¸as,maz Mus, , S., C¸ıkıntog˘lu, S., Aygu¨n, U., Ceyhun Andac¸,
I., & Eks, i, K. Y. 2019, ApJ, 886, 5
Cutler, C. 2002, PhRvD, 66, 084025
Das, U., & Mukhopadhyay, B. 2013, PhRvL, 110, 071102
Davis, L., & Goldstein, M. 1970, ApJL, 159, L81
Deutsch, A. J. 1955, Annales d’Astrophysique, 18, 1
Ferrario, L., de Martino, D., & Ga¨nsicke, B. T. 2015, Space
Science Reviews, 191, 111
Flowers, E., & Ruderman, M. A. 1977, ApJ, 215, 302
Franzon, B., & Schramm, S. 2015, PhRvD, 92, 083006
Frieben, J., & Rezzolla, L. 2012, MNRAS, 427, 3406
Fujimura, F. S., & Kennel, C. F. 1980, ApJ, 236, 245
Goldreich, P. 1970, ApJL, 160, L11
Good, M. L., & Ng, K. K. 1985, ApJ, 299, 706
Guseinov, O. K., Novruzova, K. I., & Rustamov, I. S. 1983,
Ap&SS, 97, 305
Heintzmann, H. 1981, Nature, 292, 811
Heyl, J. S. 2000, MNRAS, 317, 310
Hicken, M., Garnavich, P. M., Prieto, J. L., et al. 2007,
ApJL, 669, L17
Howell, D. A., Sullivan, M., Nugent, P. E., et al. 2006,
Nature, 443, 308
Ioka, K., & Sasaki, M. 2004, ApJ, 600, 296
Kalita, S., & Mukhopadhyay, B. 2018, JCAP, 2018, 007
—. 2019, MNRAS, 490, 2692
Kalita, S., Mukhopadhyay, B., & Govindarajan, T. R. 2019,
arXiv e-prints, arXiv:1912.00900
Kiuchi, K., & Yoshida, S. 2008, PhRvD, 78, 044045
Komatsu, H., Eriguchi, Y., & Hachisu, I. 1989, MNRAS,
237, 355
Kundt, W. 1981, A&A, 98, 207
Kundu, A., & Mukhopadhyay, B. 2012, Modern Physics
Letters A, 27, 1250084
Lander, S. K., & Jones, D. I. 2020, MNRAS,
https://academic.oup.com/mnras/article-
pdf/doi/10.1093/mnras/staa966/33033216/staa966.pdf,
staa966
Liu, H., Zhang, X., & Wen, D. 2014, PhRvD, 89, 104043
Lorimer, D. R. 2008, Living Reviews in Relativity, 11, 8
Lu¨, H.-J., Zou, L., Lan, L., & Liang, E.-W. 2018, MNRAS,
480, 4402
Manreza Paret, D., Horvath, J. E., & Perez Mart´ınez, A.
2015, Research in Astronomy and Astrophysics, 15, 1735
Markey, P., & Tayler, R. J. 1973, MNRAS, 163, 77
Marsh, T. R., Ga¨nsicke, B. T., Hu¨mmerich, S., et al. 2016,
Nature, 537, 374
Martin, R. G., Tout, C. A., & Lesaffre, P. 2006, MNRAS,
373, 263
Mastrano, A., Suvorov, A. G., & Melatos, A. 2015,
MNRAS, 447, 3475
Melatos, A. 2000, MNRAS, 313, 217
Michel, F. C., & Goldwire, H. C., J. 1970, Astrophys. Lett.,
5, 21
Moore, C. J., Cole, R. H., & Berry, C. P. L. 2015, CQG, 32,
015014
Ong, Y. C. 2018, JCAP, 9, 015
Pal, S. K., & Nandi, P. 2019, Physics Letters B, 797, 134859
Philippov, A., Tchekhovskoy, A., & Li, J. G. 2014,
MNRAS, 441, 1879
Pili, A. G., Bucciantini, N., & Del Zanna, L. 2014,
MNRAS, 439, 3541
Saio, H., & Nomoto, K. 2004, ApJ, 615, 444
Sathyaprakash, B. S., & Schutz, B. F. 2009, Living Reviews
in Relativity, 12, 2
Scalzo, R., Aldering, G., Antilogus, P., et al. 2012, ApJ,
757, 12
Scalzo, R. A., Aldering, G., Antilogus, P., et al. 2010, ApJ,
713, 1073
Silverman, J. M., Ganeshalingam, M., Li, W., et al. 2011,
MNRAS, 410, 585
Sousa, M. F., Coelho, J. G., & de Araujo, J. C. N. 2020,
MNRAS, 492, 5949
Spitkovsky, A. 2006, ApJL, 648, L51
Subramanian, S., & Mukhopadhyay, B. 2015, MNRAS, 454,
752
Suvorov, A. G., Mastrano, A., & Geppert, U. 2016,
MNRAS, 459, 3407
Tanaka, M., Kawabata, K. S., Yamanaka, M., et al. 2010,
ApJ, 714, 1209
Taubenberger, S., Benetti, S., Childress, M., et al. 2011,
MNRAS, 412, 2735
Tayler, R. J. 1973, MNRAS, 161, 365
Wickramasinghe, D. T., Tout, C. A., & Ferrario, L. 2014,
MNRAS, 437, 675
Wu, C., Wang, B., & Liu, D. 2019, MNRAS, 483, 263
Yamanaka, M., Kawabata, K. S., Kinugasa, K., et al. 2009,
ApJL, 707, L118
Yuan, F., Quimby, R. M., Wheeler, J. C., et al. 2010, ApJ,
715, 1338
Zimmermann, M., & Szedenits, Jr., E. 1979, PhRvD, 20,
351
